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Abstract
New Leray–Schauder alternatives and Krasnoselskii expansion and compression theorems are presented for multivalued maps
defined on subsets of a Fre´chet space E . The proof relies on the notion of a pseudo-open set and on viewing E as the projective
limit of a sequence of Banach spaces.
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1. Introduction
This work presents applicable Leray–Schauder alternatives and Krasnoselskii expansion and compression theorems
for multivalued maps defined between Fre´chet spaces. Our results will apply in particular to Kakutani, acyclic,
approximable and admissible in the sense of Gorniewicz maps. Our theory is based on results in Banach spaces and
on viewing a Fre´chet space as a projective limit of a sequence of Banach spaces {En}n∈N (here N = {1, 2, . . .}). The
usual Leray–Schauder alternatives in the non-normable situation are rarely of interest from an application viewpoint
(this point seems to be overlooked by many authors) since the set constructed is usually open and bounded and so has
empty interior.
For the remainder of this section we present some definitions and some known facts. Let (X, d) be a metric space
and ΩX the bounded subsets of X . The Kuratowski measure of noncompactness is the map α : ΩX → [0,∞] defined
by (here A ∈ ΩX )
α(A) = inf{r > 0 : A ⊆ ∪ni=1 Ai and diam (Ai ) ≤ r}.
Let S be a nonempty subset of X . For each x ∈ X , define d(x, S) = infy∈S d(x, y). We say a set is countably bounded
if it is countable and bounded. Now suppose G : S → 2X ; here 2X denotes the family of nonempty subsets of X .
Then G : S → 2X is
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(i) countably k-set contractive (here k ≥ 0) if G(S) is bounded and α(G(W )) ≤ kα(W ) for all countably bounded
sets W of S,
(ii) countably condensing if G(S) is bounded, G is countably 1-set contractive and α(G(W )) < α(W ) for all
countably bounded sets W of S with α(W ) 
= 0,
(iii) hemicompact if each sequence {xn}n∈N in S has a convergent subsequence whenever d(xn, G(xn)) → 0 as
n → ∞.
We now recall a result from the literature [1].
Theorem 1.1. Let (Y, d) be a metric space, D a nonempty, complete subset of Y , and G : D → 2Y a countably
condensing map. Then G is hemicompact.
Now let I be a directed set with order ≤ and let {Eα}α∈I be a family of locally convex spaces. For each α ∈ I, β ∈ I
for which α ≤ β let πα,β : Eβ → Eα be a continuous map. Then the set{
x = (xα) ∈
∏
α∈I
Eα : xα = πα,β(xβ) ∀ α, β ∈ I, α ≤ β
}
is a closed subset of
∏
α∈I Eα and is called the projective limit of {Eα}α∈I and is denoted by lim← Eα (or
lim←{Eα, πα,β} or the generalized intersection [2, pp. 439] ∩α∈I Eα).
Let X and Y be subsets of Hausdorff topological vector spaces E1 and E2 respectively. We will look at maps
F : X → K (Y ); here K (Y ) denotes the family of nonempty compact subsets of Y . We say F : X → K (Y ) is
Kakutani if F is upper semicontinuous with convex values. A nonempty topological space is said to be acyclic if
all its reduced ˘Cech homology groups over the rationals are trivial. Now F : X → K (Y ) is acyclic if F is upper
semicontinuous with acyclic values.
Given two open neighborhoods U and V of the origins in E1 and E2 respectively, a (U, V )-approximate continuous
selection [3] of F : X → K (Y ) is a continuous function s : X → Y satisfying
s(x) ∈ (F [(x + U) ∩ X] + V ) ∩ Y for every x ∈ X.
We say F : X → K (Y ) is approximable if it is a closed map and if its restriction F |K to any compact subset K of X
admits a (U, V )-approximate continuous selection for every open neighborhood U and V of the origins in E1 and E2
respectively.
For our next definition let X and Y be metric spaces. A continuous single valued map p : Y → X is called a
Vietoris map if the following two conditions are satisfied:
(i) for each x ∈ X , the set p−1(x) is acyclic;
(ii) p is a proper map; i.e. for every compact A ⊆ X we have that p−1(A) is compact.
Definition 1.1. A multifunction φ : X → K (Y ) is admissible (strongly) in the sense of Gorniewicz, and we write
φ ∈ AD(X, Y ), if φ : X → K (Y ) is upper semicontinuous, and if there exists a metric space Z and two continuous
maps p : Z → X and q : Z → Y such that
(i) p is a Vietoris map
and
(ii) φ(x) = q(p−1(x)) for any x ∈ X .
Remark 1.1. It should be noted [4, pp. 179] that φ upper semicontinuous is redundant in Definition 1.1.
Suppose X and Y are Hausdorff topological spaces. Given a class X of maps, X (X, Y ) denotes the set of maps
F : X → 2Y (nonempty subsets of Y ) belonging to X , and Xc the set of finite compositions of maps in X . A class U
of maps is defined by the following properties:
(i) U contains the class C of single valued continuous functions;
(ii) each F ∈ Uc is upper semicontinuous and compact valued; and
(iii) for any polytope P , F ∈ Uc(P, P) has a fixed point, where the intermediate spaces of composites are suitably
chosen for each U .
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Definition 1.2. F ∈ Uκc (X, Y ) if for any compact subset K of X , there is a G ∈ Uc(K , Y ) with G(x) ⊆ F(x) for
each x ∈ K .
Examples of Uκc maps are the Kakutani maps, the acyclic maps, the approximable maps, and the maps admissible
in the sense of Gorniewicz.
Our next two results [5] will be needed in Section 2 (notice that the upper semicontinuity condition is not needed
but we include it here since we will need it in Section 2).
Theorem 1.2. Let E be a Banach space, U an open convex subset of E and 0 ∈ U. Suppose F ∈ Uκc (U , E) is an
upper semicontinuous countably condensing map with x 
∈ λFx for x ∈ ∂U and λ ∈ (0, 1). Then F has a fixed point
in U.
Theorem 1.3. Let E be a Banach space, U an open convex subset of E and 0 ∈ U. Suppose F ∈ Uκc (U , E) is a upper
semicontinuous map with x 
∈ λFx for x ∈ ∂U and λ ∈ (0, 1). In addition assume if D ⊆ U with D ⊆ co({0}∪F(D))
then D is compact. Then there exists a compact set Σ of U and a x ∈ Σ with x ∈ Fx.
Remark 1.2. In [5] we showed there exists x ∈ U with x ∈ Fx . Of course
x ∈ Σ = {y ∈ U : y ∈ Fy}.
We now show Σ is compact. First Σ is closed since F is upper semicontinuous. Also Σ ⊆ F(Σ ) ⊆ co({0} ∪ F(Σ ))
so Σ (= Σ ) is compact.
Remark 1.3. In Theorem 1.2 or 1.3 if the map F is acyclic or approximable then we can delete the assumption that
U is convex [5].
Also we present Krasnoselskii compression and expansion theorems in Section 2 in the Fre´chet space setting. Let
E = (E, |.|) be a normed linear space and C ⊆ E a closed cone. For r > 0 let BC(0, r) = {x ∈ C : |x | ≤ r} and it
is well known that BC(0, r) = B(0, R) ∩ C where B(0, r) = {x ∈ E : |x | ≤ r}. Our next result, Theorem 1.4, was
established in [6] and Theorem 1.5 can be found in [7].
Theorem 1.4. Let E = (E, |.|) be a normed linear space, C ⊆ E a closed cone, r, R constants and 0 < r < R.
Suppose F ∈ Uκc (B(0, R) ∩ C, C) is compact with{|y| ≥ |x | for all y ∈ Fx and x ∈ ∂ BC(0, r), and
|y| ≤ |x | for all y ∈ Fx and x ∈ ∂ BC(0, R).
Then F has a fixed point in BCr,R = {x ∈ C : r ≤ ‖x‖ ≤ R}.
Theorem 1.5. Let E = (E, |.|) be a normed linear space, C ⊆ E a closed cone, r , R constants and 0 < r < R.
Suppose F ∈ AD(C, C) is completely continuous with{|y| ≤ |x | for all y ∈ Fx and x ∈ ∂ BC(0, r), and
|y| ≥ |x | for all y ∈ Fx and x ∈ ∂ BC(0, R).
Then F has a fixed point in BCr,R.
Remark 1.4. Of course the result in Theorem 1.5 holds if the admissible maps with respect to Gorniewicz are replaced
by the permissible maps with respect to Dzedzej.
2. Fixed point theory in Fre´chet spaces
Let E = (E, {| · |n}n∈N ) be a Fre´chet space with the topology generated by a family of seminorms {| · |n : n ∈ N}.
We assume that the family of seminorms satisfies
|x |1 ≤ |x |2 ≤ |x |3 ≤ . . . for every x ∈ E . (2.1)
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A subset X of E is bounded if for every n ∈ N there exists rn > 0 such that |x |n ≤ rn for all x ∈ X . With E we
associate a sequence of Banach spaces {(En, | · |n)} described as follows. For every n ∈ N we consider the equivalence
relation ∼n defined by
x ∼n y iff |x − y|n = 0. (2.2)
We denote by En = (E/∼n, | · |n) the quotient space, and by (En, | · |n) the completion of En with respect to | · |n (the
norm on En induced by | · |n and its extension to En are still denoted by | · |n). This construction defines a continuous
map µn : E → En . Now since (2.1) is satisfied the seminorm | · |n induces a seminorm on Em for every m ≥ n
(again this seminorm is denoted by | · |n). Also (2.2) defines an equivalence relation on Em from which we obtain a
continuous map µn,m : Em → En since Em/∼n can be regarded as a subset of En . We now assume the following
condition holds:{
for each n ∈ N, there exists a Banach space (En, | · |n)
and an isomorphism (between normed spaces) jn : En → En. (2.3)
Remark 2.1. (i) For convenience the norm on En is denoted by | · |n .
(ii) Usually in applications En = En for each n ∈ N .
(iii) Note if x ∈ En (or En) then x ∈ E . However if x ∈ En then x is not necessarily in E and in fact En is easier to
use in applications (even though En is isomorphic to En). For example if E = C[0,∞), then En consists of the
class of functions in E which coincide on the interval [0, n] and En = C[0, n].
Finally we assume
E1 ⊇ E2 ⊇ . . . and for each n ∈ N, |x |n ≤ |x |n+1∀ x ∈ En+1. (2.4)
Let lim← En (or ∩∞1 En where ∩∞1 is the generalized intersection [2]) denote the projective limit of {En}n∈N (note
πn,m = jnµn,m j−1m : Em → En for m ≥ n) and note lim← En ∼= E , so for convenience we write E = lim← En .
For each X ⊆ E and each n ∈ N we set Xn = jnµn(X), and we let Xn and ∂ Xn denote respectively the closure
and the boundary of Xn with respect to | · |n in En . Also the pseudo-interior of X is defined by [8]
pseudo-int (X) = {x ∈ X : jnµn(x) ∈ Xn \ ∂ Xn for every n ∈ N}.
The set X is pseudo-open if X = pseudo-int (X).
We begin with two results for Volterra type operators.
Theorem 2.1. Let E and En be as described above, U a pseudo-open convex subset of E with 0 ∈ U and
F : U → 2E (here 2E denotes the family of nonempty subsets of E). Suppose the following conditions are satisfied:{for each n ∈ N, F ∈ Uκc (Un, En) is a
upper semicontinuous countably condensing map (2.5){for each n ∈ N, y 
∈ λFy in En for all
λ ∈ (0, 1) and y ∈ ∂Un (2.6)
and {for each n ∈ {2, 3, . . .} if y ∈ Un solves y ∈ Fy in En
then y ∈ Uk for k ∈ {1, . . . , n − 1}. (2.7)
Then F has a fixed point in E.
Proof. Fix n ∈ N . We would like to apply Theorem 1.2. To do so we need to show
Un is open and convex with 0 ∈ Un. (2.8)
First we check convexity. To see this let xˆ, yˆ ∈ µn(U) and λ ∈ [0, 1]. Then for every x ∈ µ−1n (xˆ) and y ∈ µ−1n (yˆ) we
have λx + (1 − λ)y ∈ U since U is convex and so λxˆ + (1 − λ)yˆ = λµn(x) + (1 − λ)µn(y). It is easy to check that
λµn(x) + (1 − λ)µn(y) = µn(λx + (1 − λ)y) so as a result
λxˆ + (1 − λ)yˆ = µn(λx + (1 − λ)y) ∈ µn(U),
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and so µn(U) is convex. Now since jn is linear we have Un = jn(µn(U)) is convex. Now since U is pseudo-open and
0 ∈ U then 0 ∈ pseudo-intU so 0 = jnµn(0) ∈ Un \ ∂Un . Of course
Un \ ∂Un = (Un ∪ ∂Un) \ ∂Un = Un \ ∂Un
so 0 ∈ Un \ ∂Un , and in particular 0 ∈ Un . Next we show Un is open. First notice Un ⊆ Un \ ∂Un since if y ∈ Un
then there exists x ∈ U with y = jnµn(x) and this together with U = pseudo-intU yields jnµn(x) ∈ Un \ ∂Un ,
i.e. y ∈ Un \ ∂Un . In addition notice
Un \ ∂Un = (int Un ∪ ∂Un) \ ∂Un = int Un \ ∂Un = int Un
since int Un ∩ ∂Un = ∅. Consequently
Un ⊆ Un \ ∂Un = int Un, so Un = int Un .
As a result Un is open, so (2.8) holds.
Theorem 1.2 guarantees that there exists yn ∈ Un with yn ∈ Fyn . Let us look at {yn}n∈N . Notice y1 ∈ U1 and
yk ∈ U1 for k ∈ N \ {1} from (2.7). As a result yn ∈ U1 for n ∈ N , yn ∈ Fyn in En together with (2.5) implies there
is a subsequence N1 of N and a z1 ∈ U1 with yn → z1 in E1 as n → ∞ in N1 . Let N1 = N1 \ {1}. Now yn ∈ U2 for
n ∈ N1 together with (2.5) guarantees that there exists a subsequence N2 of N1 and a z2 ∈ U2 with yn → z2 in E2 as
n → ∞ in N2 . Note from (2.4) that z2 = z1 in E1 since N2 ⊆ N1. Let N2 = N2 \ {2}. Proceed inductively to obtain
subsequences of integers
N1 ⊇ N2 ⊇ . . . , Nk ⊆ {k, k + 1, . . .}
and zk ∈ Uk with yn → zk in Ek as n → ∞ in Nk . Note zk+1 = zk in Ek for k ∈ {1, 2, . . .}. Also let Nk = Nk \ {k}.
Fix k ∈ N . Let y = zk in Ek . Notice y is well defined and y ∈ lim← En = E . Now yn ∈ Fyn in En for n ∈ Nk
and yn → y in Ek as n → ∞ in Nk (since y = zk in Ek) together with the fact that F : Uk → 2Ek is upper
semicontinuous (note yn ∈ Uk for n ∈ Nk ) imply y ∈ Fy in Ek . We can do this for each k ∈ N so y ∈ Fy in E . 
Theorem 2.2. Let E and En be as described at the beginning of Section 2, U a pseudo-open convex subset of E with
0 ∈ U and F : U → 2E . Suppose the following conditions are satisfied:{for each n ∈ N, F ∈ Uκc (Un, En) is a
upper semicontinuous map (2.9)
and {for each n ∈ N, D ⊆ Un with D ⊆ co({0} ∪ F(D))
implies D is compact. (2.10)
Also assume (2.6) and (2.7) hold. Then F has a fixed point in E.
Proof. Fix n ∈ N . Let Σn = {x ∈ Un : x ∈ Fx in En}. Now Theorem 1.3 (see Remark 1.2) guarantees there exists
yn ∈ Σn with yn ∈ Fyn . Let us look at {yn}n∈N . Now y1 ∈ Σ1. Also yk ∈ Σ1 for k ∈ N \ {1} since yk ∈ U1 from
(2.7) so y ∈ Σ1 (see (2.4)). As a result yn ∈ Σ1 for n ∈ N and since Σ1 is compact (see Remark 1.2) there exists a
subsequence N1 of N and a z1 ∈ Σ1 with yn → z1 in E1 as n → ∞ in N1 . Let N1 = N1 \ {1}. Proceed inductively
to obtain subsequences of integers
N1 ⊇ N2 ⊇ . . . , Nk ⊆ {k, k + 1, . . .}
and zk ∈ Σk with yn → zk in Ek as n → ∞ in Nk . Note zk+1 = zk in Ek for k ∈ {1, 2, . . .}. Also let Nk = Nk \ {k}.
Fix k ∈ N . Let y = zk in Ek . Essentially the same reasoning as in Theorem 2.1 guarantees that y ∈ Fy in E . 
Remark 2.2. In Theorem 2.1 (respectively Theorem 2.2) if the map F in (2.5) (respectively (2.9)) is acyclic or
approximable then we can delete the assumption that U is convex (see Remark 1.3).
Our next result was motivated by Urysohn type operators. In this case the map Fn will be related to F by the
closure property (2.15).
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Theorem 2.3. Let E and En be as described at the beginning of Section 2, U a pseudo-open convex subset of E with
0 ∈ U and F : U → 2E . Suppose the following conditions are satisfied:
U1 ⊇ U2 ⊇ . . . (2.11){for each n ∈ N, Fn ∈ Uκc (Un, En) is a
upper semicontinuous map (2.12){for each n ∈ N, y 
∈ λFn y in En for all
λ ∈ (0, 1) and y ∈ ∂Un (2.13)

for each n ∈ N, the map Kn : Un → 2En , given by
Kn(y) = ∪∞m=n Fm(y) (see Remark 2.3), is
countably condensing
(2.14)
and 

if there exists a w ∈ E and a sequence {yn}n∈N
with yn ∈ Un and yn ∈ Fn yn in En such that
for every k ∈ N there exists a subsequence
S ⊆ {k + 1, k + 2, . . .} of N with yn → w in Ek
as n → ∞ in S, then w ∈ Fw in E .
(2.15)
Then F has a fixed point in E.
Remark 2.3. The definition of Kn in (2.14) is as follows. If y ∈ Un and y 
∈ Un+1 then Kn(y) = Fn(y), whereas if
y ∈ Un+1 and y 
∈ Un+2 then Kn(y) = Fn(y) ∪ Fn+1(y), and so on.
Proof. Fix n ∈ N . Theorem 1.2 guarantees that there exists yn ∈ Un with yn ∈ Fn yn in En . Let us look at {yn}n∈N .
Now Theorem 1.1 (with Y = E1, G = K1, D = U1 and note d1(yn,K1(yn)) = 0 for each n ∈ N since |x |1 ≤ |x |n
for all x ∈ En and yn ∈ Fn yn in En ; here d1(x, Z) = infy∈Z |x − y|1 for Z ⊆ Y ) guarantees that there exists a
subsequence N1 of N and a z1 ∈ E1 with yn → z1 in E1 as n → ∞ in N1 . Let N1 = N1 \ {1}. Look at {yn}n∈N1 .
Now Theorem 1.1 (with Y = E2, G = K2 and D = U2) guarantees that there exists a subsequence N2 of N1 and a
z2 ∈ E2 with yn → z2 in E2 as n → ∞ in N2 . Note z2 = z1 in E1 since N2 ⊆ N1 . Let N2 = N2 \ {2}. Proceed
inductively to obtain subsequences of integers
N1 ⊇ N2 ⊇ . . . , Nk ⊆ {k, k + 1, . . .}
and zk ∈ Ek with yn → zk in Ek as n → ∞ in Nk . Note zk+1 = zk in Ek for k ∈ N . Also let Nk = Nk \ {k}.
Fix k ∈ N . Let y = zk in Ek . Notice y is well defined and y ∈ lim← En = E . Now yn ∈ Fn yn in En for n ∈ Nk
and yn → y in Ek as n → ∞ in Nk (since y = zk in Ek) together with (2.15) imply y ∈ Fy in E . 
Theorem 2.4. Let E and En be as described at the beginning of Section 2, U a pseudo-open convex subset of E with
0 ∈ U and F : U → 2E . Suppose (2.11)–(2.13) and (2.15) are satisfied and assume the following conditions hold:{for each n ∈ N, D ⊆ Un with D ⊆ co({0} ∪ Fn(D))
implies D is compact. (2.16)

for each n ∈ N, the map Kn : Un → 2En , given by
Kn(y) = ∪∞m=n Fm(y) satisfies if C ⊆ Un is
countable with C ⊆ Kn(C) then C is compact.
(2.17)
Then F has a fixed point in X.
Proof. Fix n ∈ N . Let Σn = {x ∈ Un : x ∈ Fn x in En}. Now Theorem 1.3 guarantees that there exists yn ∈ Σn with
yn ∈ Fn yn in En . Let us look at {yn}n∈N . Note yn ∈ U1 for n ∈ N from (2.11). Now with C = {yn}∞1 we have from
assumption (2.17) that C(⊆ E1) is compact; note yn ∈ K1(yn) in E1 for each n ∈ N . Thus there exists a subsequence
N1 of N and a z1 ∈ U1 with yn → z1 in E1 as n → ∞ in N1 . Let N1 = N1 \ {1}. Proceed inductively to obtain
subsequences of integers N1 ⊇ N2 ⊇ . . ., Nk ⊆ {k, k + 1, . . .} and zk ∈ Uk with yn → zk in Ek as n → ∞ in Nk .
Note zk+1 = zk in Ek for k ∈ N . Also let Nk = Nk \ {k}.
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Fix k ∈ N . Let y = zk in Ek . Essentially the same reasoning as in Theorem 2.3 guarantees that y ∈ Fy in E . 
Next we present some Krasnoselskii results in the Fre´chet space setting.
Theorem 2.5. Let E and En be as described at the beginning of Section 2, C a closed cone in E, r and R are
constants with 0 < r < R, and F : B(0, R) ∩ C → 2E . Suppose the following conditions are satisfied (here
Wn = Vn ∩ Cn, Ωn = Un ∩ Cn with Vn = {x ∈ En : |x |n < R} and Ωn = {x ∈ En : |x |n < r}):{for each n ∈ N, F ∈ Uκc (Bn(0, R) ∩ Cn, Cn)
is a upper semicontinuous compact map (2.18){|y|n ≥ |x |n for all y ∈ Fx and x ∈ ∂Ωn, and
|y|n ≤ |x |n for all y ∈ Fx and x ∈ ∂Wn (2.19)

for every k ∈ N and any subsequence A ⊆ {k, k + 1, . . .}
if x ∈ Cn is such that x ∈ Wn \ Ωn for some n ∈ A
then there exists a γ > 0 with |x |k ≥ γ
(2.20)
and 

for each n ∈ {2, 3, . . .} if y ∈ Bn(0, R) ∩ Cn
solves y ∈ Fy in En then y ∈ Bk(0, R) ∩ Ck
for k ∈ {1, . . . , n − 1}.
(2.21)
Then F has a fixed point in E.
Proof. Fix n ∈ N . Now Cn is a cone (see the argument in Theorem 2.1). Theorem 1.4 guarantees that there exists
yn ∈ Wn \Ωn with yn ∈ Fn yn in En . Let us look at {yn}n∈N . Notice yn ∈ W1 for each n ∈ N from (2.21). Thus there
exists a subsequence N1 of N and a z1 ∈ W1 with yn → z1 in E1 as n → ∞ in N1 . Also yn ∈ Wn \ Ωn for n ∈ N
together with (2.20) yields |yn|1 ≥ γ for n ∈ N , and so |z1|1 ≥ γ . Let N1 = N1 \ {1}. Proceed inductively (as in
Theorem 2.1) to obtain subsequences of integers N1 ⊇ N2 ⊇ . . ., Nk ⊆ {k, k + 1, . . .} and zk ∈ Wk with yn → zk in
Ek as n → ∞ in Nk . Note zk+1 = zk in Ek for k ∈ N and | zk |k ≥ γ for k ∈ N . Also let Nk = Nk \ {k}.
Fix k ∈ N . Let y = zk in Ek . Essentially the same reasoning as in Theorem 2.1 guarantees that y ∈ Fy in E . 
Remark 2.4. Notice (2.20) is only needed to guarantee that the fixed point y ∈ E satisfies |zk |k ≥ γ for k ∈ N ; here
y = zk in Ek . If we assume (2.18), (2.19) and (2.21) then once again F has a fixed point in E but the above property
is not guaranteed. This remark also applies to the next two results.
If we apply Theorem 1.5 instead of Theorem 1.4 we have the following result.
Theorem 2.6. Let E and En be as described at the beginning of Section 2, C a closed cone in E, r and R are
constants with 0 < r < R, and F : C → 2E . Suppose the following conditions are satisfied (here Wn = Vn ∩ Cn,
Ωn = Un ∩ Cn with Vn = {x ∈ En : |x |n < R} and Ωn = {x ∈ En : |x |n < r}):{for each n ∈ N, F ∈ AD(Cn, Cn)
is a completely continuous map (2.22)
and {|y|n ≤ |x |n for all y ∈ Fx and x ∈ ∂Ωn, and
|y|n ≥ |x |n for all y ∈ Fx and x ∈ ∂Wn . (2.23)
In addition assume (2.20) and (2.21) hold. Then F has a fixed point in E.
Also the ideas in Theorem 2.3 immediately guarantee the following result.
Theorem 2.7. Let E and En be as described at the beginning of Section 2, C a closed cone in E, r and R are
constants with 0 < r < R, and F : B(0, R) ∩ C → 2E . Suppose the following conditions are satisfied (here
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Wn = Vn ∩ Cn, Ωn = Un ∩ Cn with Vn = {x ∈ En : |x |n < R} and Ωn = {x ∈ En : |x |n < r}):
W1 ⊇ W2 ⊇ . . . (2.24){for each n ∈ N, Fn ∈ Uκc (Bn(0, R) ∩ Cn, Cn)
is a upper semicontinuous map (2.25){|y|n ≥ |x |n for all y ∈ Fn x and x ∈ ∂Ωn, and
|y|n ≤ |x |n for all y ∈ Fn x and x ∈ ∂Wn (2.26){for each n ∈ N, the map Kn : Bn(0, R) ∩ Cn → 2En ,
given by Kn(y) = ∪∞m=n Fm(y) is compact (2.27)
and 

if there exists a w ∈ E and a sequence{yn}n∈N
with yn ∈ Wn \ Ωn and yn ∈ Fn yn in En such that
for every k ∈ N there exists a subsequence
S ⊆ {k + 1, k + 2, . . .} of N with yn → w in Ek
as n → ∞ in S, then w ∈ Fw in E .
(2.28)
In addition assume (2.20) holds. Then F has a fixed point in E.
Remark 2.5. A similar result to Theorem 2.7 can be obtained if we use Theorem 1.5 instead of Theorem 1.4. The
details are left to the reader.
References
[1] R.P. Agarwal, M. Frigon, D. O’Regan, A survey of recent fixed point theory in Fre´chet spaces, in: Nonlinear Analysis and Applications: to
V. Lakshmikantham on his 80th Birthday, vol. 1, Kluwer Acad. Publ., Dordrecht, 2003, pp. 75–88.
[2] L.V. Kantorovich, G.P. Akilov, Functional Analysis in Normed Spaces, Pergamon Press, Oxford, 1964.
[3] H. Ben-El-Mechaiekh, P. Deguire, Approachability and fixed points for nonconvex set valued maps, J. Math. Anal. Appl. 170 (1992) 477–500.
[4] L. Gorniewicz, M. Slosarski, Topological essentiality and differential inclusions, Bull. Austral. Math. Soc. 45 (1992) 177–193.
[5] R.P. Agarwal, D. O’Regan, Homotopy and Leray–Schauder principles for multi maps, Nonlinear Anal. Forum 7 (2002) 103–111.
[6] D. O’Regan, A Krasnoselskii cone compression theorem for Uκc maps, Proc. R. Ir. Acad. A 103 (2003) 55–59.
[7] M. Izydorek, Z. Kucharski, The Krasnoselskii theorem for permissible maps, Bull. Polish Acad. Sci. Math. 37 (1989) 145–149.
[8] M. Frigon, Fixed point results for compact maps on closed subsets of Fre´chet spaces and applications to differential and integral equations,
Bull. Soc. Math. Belgique 9 (2002) 23–37.
